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The differential equations of motion of a rigid body with one point fixed 
in the Euler case are as follows: 

A%-(B--C)qr=O ,...) 
dyl 
dtEry2_qYs ,... 

where A, B, C, are the moments of inertia of the body about the principal 
axes of the central ellipsoid; p, q, r, are the components of the instan- 
taneous angular velocity along the moving coordinate axes z, y, z, which 
colnclde with the principal axes of inertia: yi, yz, yj, are the direction 
cosines of a fixed axis 6 with respect to the moving coordinate system 
XYZ. 

Among all possible motions of a rigid body in the Euler case, the most 
important from the practical point of view are constant rotations about 
principal axes of inertia passing through the fixed point and coinciding 
with the 4 axis. 

Many authors have investigated the stability of this kind of rotations. 
For example, the very well-known purely geometrical solution of this 
problem by the Poinsot method is to be found in any full course of 
mechanics. Nekrasov has investigated the stability of these rotations by 
using the Liapunov first approximation (see his course of theoretical 
mechanics), whereas Chetaev [ 2 I has used the Liapunov direct method. In 
the above investigations the problem of stability was solved only with 
respect to the three variables p, q, r. In this paper the problem of un- 
conditional stability of particular solutions of the system (1) with 
respect to all variables of the problem, p, q, r, yl, ~2, yg, is solved. 

We will first consider a rotation about the x axis of the central 
ellipsoid of inertia expressed by the following particular solution of 
the system (1): 
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p = w = const, Q = 0, r = 0, y1=1, yz=o, y3 = 0 

The above solution describes the motion of a holonomic conservative 

system. Chetaev, using the Liapunov direct method, demonstrated [ 1 1 that 

such a motion is stable only when the system of equations of the per- 

turbed motion has an integral that is sign-definite for variations of the 

variables of the problem. 

In the Euler case the following first integrals are known: 

A2p2 + B2q2 + C*r’ = c.onst = Ii”, Ap” + Bq2 + Cr2 = const = h 

Apyl + Bqy2 + Cry3 = const = k, :‘j? f *;22 + y32. = co& = 1 

The variations of the variables in the perturbed motion will 

noted 

p=o+a, u=P. r;: s, y1 = i + E1, yz = 52, Y3 =E3 

The variational equations 

da 
Ax-((B-C)~6=0,... d$ = x2- ps3.. ._, 

have the following first integrals 

V1 = A%* + B”72 + C’S2 + 2A2wa = const 

Vz = Aa +- Bj2 f 03” A- 2Aoa = const 

V3 = Aay1 + B$yz + C6y3 + A (a + ~41) = const 

v, = 51” + 522 + t32 + 251 = 0 

Moreover, from VU we obtain the equality 

2c1 = - [,‘- 422 - &8 

be de- 

(2) 

13) 

We will construct the Liapunov function in the form of the following 

combination of integrals: 

V = VI + V22 - 2AwV3 + A2w2V4 (4) 

Substituting (2) in (4), and grouping the terms appropriately, we ob- 

tain 

I’ = ./I? (a - 05~)’ + (03 - Aw$)z + (CS - Aw43)" + (Aa‘ $- IS?’ + Cb” + &lwa)* (5; 

If it could be shown that the function V vanishes only when all vari- 

ables in it are zero, then the definiteness (positive) of V would be 

proved. We will first examine those values of the variables which make 

the first three expressions in parentheses equal to zero in (5) and are 

not all zero simultaneously: 
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The function V will contain only the fourth expression in parentheses. 
which by using (3) can be transformed into 

On the strength of (3) it is seen that the 
be made zero when the values of the variables 
ciently small and when the moments of inertia 
equality 

(A-_)(A-CC)>0 

above expressions cannot 
as given in (6) are suffi- 
A, B, C satisfy the in- 

(*) 

On the other hand, it is easy to show, that the function V can be made 
zero for the following values of the variables: 

52 = Es =@=S=O, 41=#=0, a = 6& (7) 

We will show, however, that this last case can be excluded if the 
initial perturbations, aO, &. c,,, tZO, t2,,, are sufficiently small and 
do not make the integrals V1, V2, V3, simultaneously zero. Indeed, if we 
take into account (3), then the equalities (7) become 

52= s3 = f3 = 6 =o, 41=--T a=-220 

which substituted into (2) make Vi, V2, V,,, equal to zero simultaneously. 

This means that sufficiently small perturbations will not make the 
integrals (2) equal to zero simultaneously if 

%I2 + $3” + go2 < 4w2, &OS t 4ao2 + 5302 < 4 

and then the function V will be p’ositive-definite. On the strength of the 
well-known Liapunov theorem 13 1 we conclude that the constant rotation 
about the smallest (A > B $ Cl and the largest (A < B < C) semiaxes of 
the ellipsoid of inertia is stable with respect to all the variables of 

the problem. pI q. r, yl. ~2, yj. This conclusion can also be reached on 
the strength of the perturbed equation V’ I 0. 

A constant rotation of the body about the intermediate semiaxis of the 
ellipsoid of inertia corresponds to the following particular solution of 
the system (1): 

P = 0, q = 0 = canst, P = 0, y1= 0, Y2=1, y3 =o (8) 

and it proves to be unstable. Using the same method as before, for the 
variations of the perturbed motion we will have the following function: 

V = (Aa - U~.JQ~ + F(5J - w$)* + (C6 - Bw&J2 + (Aa2 f B$2 + CP _t 2B6+)” 

When the variations assume the values 

n 
p = 052, 

B 
a=---wgl 

.4 ’ 6 = yTJ W’;Q, El+% 52JR 53+0 C), 



582 Y.P. Gul iacv 

the first three expressions in parentheses in V vanish and V becomes 

which combined with the inequality (*), can be made equal to zero when 
variations have the values given in (9) and when 6,. [3, satisfy the 
equality 

c(‘4--~)~,2-/l((B--c)~~~=0 

It thus follows from the above that in this last case the function V 
is not definite and the Liapunov conditions for stability are not satis- 
fied. 

In order to prove the instability of the particular solution (8) we 
will consider the function 

V = a8 + 5153 

and in the region V > 0 select a strip where the variations a, 6, 5,. <3 
have the values (9). In view of the equations of perturbed motion 

A$-((B--C)(w+p=0,... d~=8(i+52)-53(w+p).... (‘0) 

and after the substitution of (9) in the expression for V, the derivative 
of V will be 

If (o + ,& = 0, then the instability follows from (10). If (o+ 0) > 0, 
then V will be positive-definite in the region V 7 0. The function V does 
not depend explicitly on t, and therefore allows an infinitely Small 
upper bound. Now, by one of the Chetaev theorems [ 2 1 on instability, we 
can conclude that the rotation of a rigid body about the intermediate 
semiaxis of the ellipsoid of inertia is unstable. 
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