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The differential equations of motion of a rigid body with ong point fixed
in the Euler case are as follows:

dp dn
A5, —(B—C)gr=0,..., =T —qYs, ... M

where A, B, C, are the moments of inertia of the body about the principal
axes of the central ellipsoid; p, g, r, are the components of the instan-
taneous angular velocity along the moving coordinate axes x, y, 2z, which
coincide with the principal axes of inertia; Yy» Y3» Y3, are the direction
cosines of a fixed axis { with respect to the moving coordinate system
xyz.

Among all possible motions of a rigid body in the Euler case, the most
important from the practical point of view are constant rotations about
principal axes of inertia passing through the fixed point and coinciding
with the { axis.

Many authors have investigated the stability of this kind of rotations.
For example, the very well-known purely geometrical solution of this
problem by the Poinsot method is to be found in any full course of
mechanics. Nekrasov has investigated the stability of these rotations by
using the Liapunov first approximation (see his course of theoretical
mechanics), whereas Chetaev [2 ] has used the Liapunov direct method. In
the above investigations the problem of stability was solved only with
respect to the three variables p, ¢, r. In this paper the problem of un-
conditional stability of particular solutions of the system (1) with
respect to all variables of the problem, p, q, r, Yi» Yoo Y3. is solved.

We will first consider a rotation about the z axis of the central
ellipsoid of inertia expressed by the following particular solution of
the system (1):
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p=w=const, ¢g=0, r=0 vi=1, y2=0, +v3=0

The above solution describes the motion of a holonomic conservative
system. Chetaev, using the Liapunov direct method, demonstrated [ 1 ] that
such a motion is stable only when the system of equations of the per-

turbed motion has an integral that is sign-definite for variations of the
variables of the problem,

In the Euler case the following first integrals are known:

Ap? 4+ B%g% 4 C?r? = const = H?, Ap*+ B¢ '+ Crl=const =h
Apy1 ++ Bgya+ Crys= const =k, 0+ 1 + vah = comst = 1

The variations of the variables in the perturbed motion will be de-
noted

p=o+a ¢=B, r=3 vi=1+4+8&, Ye=E8, vi=&
The variational equations
da « dg,
A-EIT—«(B—C)BSZO,... W:S&g—ﬁig,..,.
have the following first integrals

Vi = A2%2 4 B23% + C3% + 2A%wa = const
Vo = Ag? + B32 + C8 4 2Awo = const (2)
Vs = Aayy + B3vye + Cdyy + A (¢ + &) = const
Vi=E+ &2+ 50+ 25 =0

Moreover, from Vﬁ we obtain the equality

28 = — 12— B2 —E? 3)

We will construct the Liapunov function in the form of the following
combination of integrals:

V=V, +V2—24A0Vs + A2V, (4)
Substituting (2) in (4), and grouping the terms appropriately, we ob-
tain

V= A% (@ — 05))* + (B3 — Awk)® + (C8 — Awés)? + (Aa* + BB 4 C8 + 2dwa)? (5

I1f it could be shown that the function V vanishes only when all vari-
ables in it are zero, then the definiteness (positive) of V would be
proved. We will first examine those values of the variables which make
the first three expressions in parentheses equal to zero in (5) and are
not all zero simultaneously:

ya P2 )
o= wiy, 3 == I wi, &= ol wiz, &0, o520, E3=£0 (6
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The function ¥V will contain only the fourth expression in parentheses,
which by using (3) can be transformed into

V = At [(% — 1) £a? -+ (% — 1) 532]2

On the strength of (3) it is seen that the above expressions cannot
be made zero when the values of the variables as given in (6) are suffi-
ciently small and when the moments of inertia A, B, C satisfy the in-
equality

(A—B)(A—0C)>0 (»)

On the other hand, it is easy to show, that the function V can be made
zero for the following values of the variables:

o= =0=3=0, &0, o=0of N
We will show, however, that this last case can be excluded if the
initial perturbations, a,., f3,. 510’ &0n 550' are sufficiently small and

do not make the integrals Vi, Vz* Vé. simultaneously zero. Indeed, if we
take into account (3), then the equalities (7) become

&2::&3:33:8:0’ E]_:-——z, o = — 2
which substituted into (2) make Vi. Vé, VB' equal to zero simultaneously.

This means that sufficiently small perturbations will not make the
integrals (2) equal to zero simultaneously if

2,2 4 B4 4 3,2 4ol E1o? + Eop® + E? < 4
and then the function V will be positive~definite. On the strength of the
well-known Liapunov theorem [3 ] we conclude that the constant rotation
about the smallest (4 > B C) and the largest (4 < B €) semiaxes of
the ellipsoid of inertia is stable with respect to all the variables of

the problem, p, g, r, Yi+ Yo ¥Y3e This conclusion can also be reached on
the strength of the perturbed equation V' = 0,

A constant rotation of the body about the intermediate semiaxis of the
ellipsoid of inertia corresponds to the following particular solution of
the system (1):

p=0, g=oe=const, r=0, v;=0, yi=1, y3=0 (8)
and it proves to be unstable. Using the same method as before, for the
variations of the perturbed motion we will have the following function:

V = (Ao — Bwi))? + BY3 — wiy)? + (C8 — Buky)? + (4x? 4~ B3% 4 C8?% + 2Bwf)?
¥hen the variations assume the values

B B
a =~ i, b=uwi, &= T i L0, Esk0, E=R0 )]
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the first three expressions in parentheses in V vanish and V becomes

v=pot| (5 —1) e+ (g —1) &

which combined with the inequality (*), can be made equal to zero when
variations have the values given in (9) and when fl. f , satisfy the
equality

CA—B E— A(B—C) &2 =0

It thus follows from the above that in this last case the function V
is not definite and the Liapunov conditions for stability are not satis-
fied.

In order to prove the instability of the particular solution (8) we
will consider the function

V=ad+ &&s
and in the region V> 0 select a strip where the variations a, B. fl. fé
have the values (9). In view of the equations of perturbed motion
da dky
Amr—(B—0O(0+pB)8=0,... —=80+E& —EL(@+8)... (10)

and after the substitution of (9) in the expression for V, the derivative
of V will be

A—B B—C A—B B—-C
V=@ [ Tg e s S at g 2

If (@w+ ) = 0, then the instability follows from (10). If (w+ ) > 0,
then V will be positive-definite in the region V> 0., The function V does
not depend explicitly on t, and therefore allows an infinitely small
upper bound. Now, by one of the Chetaev theorems [2 ] on instability, we
can conclude that the rotation of a rigid body about the intermediate
semiaxis of the ellipsoid of inertia is unstable,
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